On primitive ideals in graded rings by Smoktunowicz, Agata
  
 
 
 
Edinburgh Research Explorer 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
On primitive ideals in graded rings
Citation for published version:
Smoktunowicz, A 2008, 'On primitive ideals in graded rings' Canadian mathematical bulletin-Bulletin
canadien de mathematiques, vol 51, no. 3, pp. 460-466., 10.4153/CMB-2008-046-1
Digital Object Identifier (DOI):
10.4153/CMB-2008-046-1
Link:
Link to publication record in Edinburgh Research Explorer
Document Version:
Preprint (usually an early version)
Published In:
Canadian mathematical bulletin-Bulletin canadien de mathematiques
General rights
Copyright for the publications made accessible via the Edinburgh Research Explorer is retained by the author(s)
and / or other copyright owners and it is a condition of accessing these publications that users recognise and
abide by the legal requirements associated with these rights.
Take down policy
The University of Edinburgh has made every reasonable effort to ensure that Edinburgh Research Explorer
content complies with UK legislation. If you believe that the public display of this file breaches copyright please
contact openaccess@ed.ac.uk providing details, and we will remove access to the work immediately and
investigate your claim.
Download date: 20. Feb. 2015
ar
X
iv
:m
at
h/
04
11
04
6v
1 
 [m
ath
.R
A]
  2
 N
ov
 20
04 On primitive ideals in polynomial rings over nil
rings
Agata Smoktunowicz
Institute of Mathematics, Polish Academy of Sciences, 00-956
Warsaw 10, S´niadeckich 8, P.O.Box 21, Poland.
Abstract
Let R be a nil ring. We prove that primitive ideals in the polynomial
ring R[x] in one indeterminate over R are of the form I [x] for some ideals
I of R.
All considered rings are associative but not necessarily have identities.
Ko¨the’s conjecture states that a ring without nil ideals has no one-sided nil
ideals. It is equivalent [4] to the assertion that polynomial rings over nil rings
are Jacobson radical. Our main result states that if R is a nil ring and I an
ideal in R[x] (the polynomial ring in one indeterminate over R) then R[x]/I is
Jacobson radical if and only if R/I ′[x] is Jacobson radical, where I ′ is the ideal
of R generated by coeﬃcients of polynomials from I. Also if R is a nil ring and
I is a primitive ideal of R[x] then I =M [x] for some ideal M of R. It was asked
by Beidar, Fong and Puczy lowski [1] whether polynomial rings over nil rings
are not (right ) primitive. We show that aﬃrmative answer to this question is
equivalent to the Ko¨the conjecture. We also answer in the negative Question 2
from [1] (Corollary 1).
It is known that if a polynomial ring R[x] is primitive then R need not be
primitive [3] ( see also Bergman’s example in [5]). Let R be a prime ring and I
a nonzero ideal of R. Then R is a primitive ring if and only if I is a primitive
ring [6]. Since the Hodges example has a nonzero Jacobson radical it follows
that polynomial rings over Jacobson radical rings can be right and left primitive
(see also Theorem 3).
We recall some deﬁnitions after [9] (see also [2], [5]).
A right ideal of a ring R is called modular in R if and only if there exists an
element b ∈ R such that a− ba ∈ Q for every a ∈ R. If Q is a modular maximal
right ideal of R then for every r /∈ Q, rR +Q = R.
An ideal P of a ring R is right primitive in R if and only if there exists a
modular maximal right ideal Q of R such that P is the maximal ideal contained
in Q.
In this paper R[x] denote the polynomial ring in one indeterminate over
R. Given polynomial g ∈ R[x] by deg(g) we denote the degree of R, i.e., the
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minimal number d such that g ∈ R+Rx+ . . .+Rxd. Given a ∈ R let < a >R
denote the ideal generated by a in R and < a >R[x] the ideal generated by a in
R[x]. For a ring R, by J(R) we denote the Jacobson radical of R.
We write I ⊳R if I is a two-sided ideal of a ring R, and Q⊳r R if Q is a right
ideal of R.
Lemma 1 Let R be a ring , r ∈ R, f ∈ R[x], Q ⊳r R[x] and b ∈ R[x] be such
that a − ba ∈ Q for every a ∈ R[x]. Suppose b − xrf ∈ Q. Then for every i
there is fi ∈ R[x] such that b− x
irfi ∈ Q and deg fi ≤ deg f for all i.
Proof. We proceed by induction on n. If n = 1 we put f1 = f . Suppose Lemma
holds for some n ≥ 1 with fn = a0+ . . .+akx
k (k ≤ deg f). Then Lemma holds
for fn+1 = fra0 +
∑k
i=1 aix
i−1.
Lemma 2 Let R be a ring and I⊳R[x] and a0+a1x+. . .+akx
k ∈ I, a0, . . . , ak ∈
R. Denote U =< ak >R[x].
1. Suppose h ∈ U l for some l ≥ 1 and deg h ≥ k. Then there is g ∈ U l−1
such that , h− g ∈ I and deg g < deg h.
2. Suppose Q⊳R R[x], I ⊆ Q. Let b ∈ R[x] be such that a− ba ∈ Q for every
a ∈ R[x]. If b − xrf ∈ Q and b − g ∈ Q where f, g ∈ R[x], g ∈ Udeg f
then for every i > deg g there is gi ∈ R[x] such that b − x
irgi ∈ Q and
deg gi < k.
Proof. 1. Let h =
∑t
i=0 cix
i, t = deg h. Since h ∈ U l then ct =
∑
i piakqi for
some pi, qi ∈ R∪{1}, qi ∈ U
l−1. We put g = h−ctx
t−
∑
i pi(
∑k−1
j=0 ajx
j)qix
t−k.
2. Let fi be as in Lemma 1 applied for f . Let g =
∑t
i=0 cix
i, ci ∈ R, ci ∈ U
deg f .
For a natural n > t, we put hn =
∑t
i=0 fn−ici. Observe that deg hn ≤ deg f ,
hn ∈ U
deg f and b− xnrhn ∈ Q. Applying several times Lemma 2.1 for h = hn,
we get that there are gn ∈ R[x] such that b − x
nrgn ∈ Q for all n > t and
deg gn ≤ k. We are done.
Let R be a ring. Given r ∈ R and Q⊳r R and b ∈ R[x] such that a− ba ∈ Q
for every a ∈ R[x] we say that v is a “good number for r“ if for all suﬃciently
large n, there are fn ∈ R[x] such that deg fn ≤ v and b− x
nrfn ∈ Q.
Lemma 3 Let R be a ring, Q ⊳R R[x], and b ∈ R[x] be such that a − ba ∈ Q
for every a ∈ R[x]. Let r ∈ R, r /∈ Q and let v be a good number for all a ∈ rR,
a /∈ Q. Suppose there are p, p′ /∈ Q, p, p′ ∈ rR such that (pR+Q)∩(p′R+Q) ⊆ Q.
Then v − 1 is a good number for r.
Proof. Since v is a good number for p, p′ then for suﬃciently large n there are
gn ∈ pR[x], g
′
n ∈ p
′R[x] with deg gn, deg g
′
n ≤ v such that b − x
ngn ∈ Q and
b−xng′n ∈ Q. Let gn = pn,0+pn,1x+. . .+pn,vx
v, g′n = p
′
n,0+p
′
n,1x+. . .+p
′
n,vx
v,
where all pn,i ∈ pR, p
′
n,i ∈ p
′R. If for all suﬃciently large n either pn,v ∈ Q or
p′n,v ∈ Q then v − 1 is a good number for r. Suppose that there is m such that
pm,v /∈ Q and p
′
m,v /∈ Q. Since pm,v ∈ pR, p
′
m,v ∈ p
′R then pm,v − p
′
m,v /∈ Q
since otherwise pm,v ∈ (pR + Q) ∩ (p
′R + Q) contrary our assumptions. Since
2
v is a good number for c = pm,v − p
′
m,v then for suﬃciently large n there are
hn ∈ R[x], deg hn ≤ v, b−x
nchn ∈ Q. Now chn = cg¯n+ crnx
v for some rn ∈ R,
g¯n ∈ R[x], deg g¯n ≤ v − 1. Thus (for suﬃciently large n) b − x
nkn ∈ Q where
kn = chn + (g
′
m − gm)rn = cg¯n +
∑v−1
i=0 (p
′
m,i − pm,i)x
irn. Note that kn ∈ rR[x]
since p, p′ ∈ rR. Since deg kn ≤ v − 1 then v − 1 is a good number for r.
Theorem 1 Let R be a nil ring and I be a primitive ideal in R[x] (if any).
Then I = I ′[x] for some ideal I ′ in R.
Proof. Suppose the contrary, that there are a0, a1, . . . , ak ∈ R, ak /∈ I such
that a0 + a1x+ . . .+ akx
k ∈ I. From the deﬁnition there is a modular maximal
right ideal Q in R[x] such that I is the maximal possible ideal contained in Q.
Now for every r /∈ Q, r ∈ R[x], rR[x] +Q = R[x]. Since Q is modular, there is
b ∈ R[x] such that a − ba ∈ Q for every a ∈ R[x]. Observe ﬁrst that if r /∈ Q
then rx /∈ Q (otherwise xR ⊆ Q, xR ⊆ I, impossible since R is nil). Thus there
is f ∈ R[x] such that b−xrf ∈ Q. Denote U =< ak >R[x]. Since I is a primitive
ideal it is prime. Consequently Udeg f 6⊆ I, Udeg f 6⊆ Q. Hence b − g ∈ Q for
some g ∈ Udeg f . By Lemma 2.2 we get that k − 1 is a good number for all
r ∈ R, r /∈ Q. Let v be minimal such that v is a good number for all r ∈ R,
r /∈ Q. We will show that v = 0 and hence get a contradiction (since R is a
nil ring ). Suppose v > 0. Let r ∈ R, r /∈ Q. We will show that v − 1 is a
good number for r. Since v is a good number for r then for some i there are
fi, fi+1, . . . , fi+k ∈ rR[x] such that b−x
jfj ∈ Q where i ≤ j ≤ i+ k. Now each
fj can be written as fj = gj +x
vcj , cj ∈ rR, gj ∈ R[x], deg gj < v. Let ej = c
nj
j
where nj is minimal possible such that c
nj
j /∈ Q where i ≤ j ≤ i+k. (if cj ∈ Q we
put ej = 1). Now either v−1 is a good number for r or there is s /∈ Q such that
s ∈
⋂i+k
j=i (ejR+Q) and s ∈ eiR (by Lemma 3). Then s−ejdj ∈ Q for some dj ∈
R, i ≤ j ≤ i+k. Since v is a good number for s then for suﬃciently large n there
are f¯n ∈ sR[x], deg f¯n ≤ v such that b− x
nf¯n ∈ Q. Let f¯n =
∑v
j=0 sbjx
j . Thus
f¯n−
∑v
j=0 ei+v−jdi+v−jbjx
j ∈ Q. Now since b−xjfj ∈ Q then (b−x
jfj)ejdj ∈
Q. Thus f¯n − g¯n ∈ Q where g¯n =
∑v
j=0 x
i+v−jfi+v−jei+v−jdi+v−jbjx
j . Note
that g¯n = x
i+v
∑v
j=0 fi+v−jei+v−jdi+v−jbj . Observe that there are tl ∈ rR[x],
deg tl ≤ v − 1 such that tl − flel ∈ Q for i ≤ l ≤ i + v. Denote hn =∑v
j=0 ti+v−jdi+v−jbj. Then hn ∈ rR[x] and deg hn ≤ v−1. Since b−x
nf¯n ∈ Q
then b − xng¯n ∈ Q. Thus b − x
i+v+nhn ∈ Q. Since it holds for all suﬃciently
large n we get that v − 1 is a good number for r.
Theorem 2 Let R be a nil ring and I ⊳ R[x] and let I¯ ⊳ R be the ideal of R
generated by coefficients of polynomials from I. Then R[x]/I is Jacobson radical
if and only if R[x]/I¯[x] is Jacobson radical.
Proof. Suppose the contrary, that R/I¯ is Jacobson radical and R[x]/I is not
Jacobson radical. Then there is a primitive ideal P of R[x]/I such that P 6=
R[x]/I. Now P + I is a primitive ideal in R[x]. Thus P + I = P¯ [x] for some
ideal P¯ in R by Theorem 1. Since P + I 6= R[x] and I¯ ⊆ P¯ then R[x]/I¯[x] is
not Jacobson radical, a contradiction. The other inclusion is clear.
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Corollary 1 If N is a nil ring then the polynomial ring N [x] can not be homo-
morphically mapped onto a simple primitive ring.
Krempa [4] showed that the Ko¨the conjecture is equivalent to the assertion that
polynomial rings over nil rings are Jacobson radical. From this and Theorem 1
we get:
Corollary 2 The Ko¨the conjecture is equivalent to the statement “polynomial
rings (in one indeterminate) over nil rings are not right primitive“.
Simple Jacobson radical but not nil rings were constructed in [7, 8]. (Rings
in [7, 8] are not nil since they satisfy the relation x=yxxy).
Theorem 3 Let R be a simple Jacobson radical ring which is not nil. Then the
polynomial ring R[x] in one indeterminate over R is right primitive.
Proof. Since R is not nil there is b in R such that b is not nilpotent. Let Q be
a right ideal in R[x] maximal with the property that xb /∈ Q and r − xbr ⊆ Q
for every r ∈ R[x]. Then Q is a maximal modular right ideal in R[x]. We
will show that if I is a two-sided ideal of R[x] and I ⊆ Q then I = 0. Let
a0 + a1x + . . . anx
n ∈ I where a0, . . . , an ∈ R, an 6= 0. Since R is a simple ring
n > 0 and there are bj , cj ∈ R, j = 1, 2, . . . ,m such that
∑m
j=1 bjancj = b.
Denote g = d0 + . . . + dnx
n, where di =
∑m
j=1 bjaicj for 0 ≤ i ≤ n. Let
d =
∑n−1
k=1 b
n−1−kdk. Note that r − (bx)
kr ∈ Q for every r ∈ R[x], k > 0.
Thus d −
∑n
k=1 b
n−1xkdk ∈ Q. Since g ∈ I then b
n−1g ∈ Q. Consequently
d+ bnxn ∈ Q (since dn = b). Thus dr + r ∈ Q for every r ∈ R[x]. Since d ∈ R
and R is Jacobson radical and d ∈ R then d+ dr+ r = 0 for some r ∈ R. Thus
d ∈ Q, impossible.
REFERENCES:
1 K.Beidar, Y.Fong, E.R.Puczy lowski, Polynomial rings over nil rings can-
not be homomorphically mapped onto rings with nonzero idempotents,
J.Algebra, 238 (2001) 389-399.
2 N.J.Divinsky, Rings and Radicals, Allen, London, 1965.
3 T.J.Hodges, An example of a primitive polynomial ring, J.Algebra 90
(1984) 217-219.
4 J.Krempa, Logical connections among some open problems concerning nil
rings, Fund. Math. 76 (1972) 121-130.
5 T.Y.Lam, Exercises in Classical Ring Theory, Problem Books in Mathe-
matics, Berlin-Heidelberg-New York, Springer-Verlag, 1995 pp. 122-123.
6 C.Lanski, R.Resco, L.Small, On the primitivity of prime rings, J.Algebra
59 (1979) 395-398.
4
7 E.Sasiada, Solution of the problem of existence of a simple radical ring,
Bull.Acad.Polon.Sci.Ser.Sci.Math.Astr.Phys., 9 (1961) 257.
8 E.Sasiada and P.M.Cohn, An example of a simple radical ring, J.Algebra,
5 (1967) 373-377.
9 F.A.Sza´sz, Radicals in rings, Akademia Kiado, Budapest, 1981.
5
